Introduction
An important class of electromagnetic methods used in exploration geophysics are those which use sources of finite dimension such as current loops or grounded wires. Used mainly for the detection of discrete conductors such as massive sulfide are deposits. a wide variety of ground nnd airborne dipole systems have been discussed in both time and frequency domchns - (Ward. 1980) .
~
The interpretation of the data from surveys using these systems has generally relied on theoretical solutions. using either simple models in free space or scale model results. again often in free space. For many exploration problems. especially in areas with host rocks of high resistivity. the free space models have been etIective for interpretation. When greater depth of exploration is required. through conductive surface layers or in conductive host rock. a much more accurate interpretation is required. Such interpretations must account for the shielding etIects of the surroundings. and for the current gathering, or channeling effects of the conductive target on the induced currents in the host rock or overburden.
Considerable insight into some of these problems has been gained with a series of model studies using a finite. thin, rectangular plate either in free space (Annan. 1974) . under a conductive overburden (Lajoie and West. 1976) . or more recently. in a conductive host and under a surface layer (Weidell. 1981; Hanneson.1981) .
Another model which has met with some success is the three-dimensional finite conductor. usually a reclangular block. in a conductive host and with a surface layer. Such solutions by EohmanIl (1975) . Weidelt (1975) . ~eyer (1977) . Pridmore (1978) . and Lee et al (1981) are useful for simple confined conduclors at frequencies for which the dimensions of the body are on the order of the skin depth. For complex shapes or for higher frequencies the computing costs \,: 3 become prohibitive even on the largest computers.
Geologic models in which the electrical parameters are invariant in the strike direction also constitute an important class of targets in electromagnetic exploration. They are particularly appropriate for dipole methods bccause the fields fall off so rapidly from the source, that an elongated target may be satisfactorily represented by a two-dimensional equivalent. Such a representation is often not valid for line sources or for plane wave inducing fields.
A finite element formulation for the case of a dipole source over a twodimensional conductivity distribution was offered by Ryu (1971) . Since magnetic fields are continuous in a region without magnetic susceptibility contrasts, problem was formulated initially in terms of unknown magnetic fields.
The equations were Fourier transformed in the strike direction and solutions for a two-dimensional model were oblained as a function of wave number in the strike direction. Inverse transformations then yield the solution in x, y. and z.
There are numerical difficulties with this approach near the earth-air interface 'caused by rapid changes of the gradients of the magnetic field. Lee (1978) reformulated the problem in terms of electric fields and succeeded in obtaining solutions for some simple models. Stoyer and Greenfield (1976) published a finite difference solution using a coupled transmission sheets analogy.
The accuracy of these numerical solutions has been in doubt since there was nothing to which they could be compared to. In the present study we have analyzed the numerical solutions at length. tested a variety of algorithms and most importantly have compared lhe numerical results to scale model results.
For the range of frequencies and parameters for which the solution is valid the resulting program has been useful in analyzing a number of important exploration problems. 
(4)
where fj is a unit vector outward normal to the surface S enclosing v (Figure 1 ).
Integrating the right hand side of equation (6) in time, and adding the source energy due to a current source J$' we can write the total electromagnetic energy, I, contained in vas,
The variational integral is written in terms of E. and a time dependence ej(.Jt is .' ·i,' used. The propagat.ion const.ant. is given by. The stationary principle (Morse and Feshbach. 1953 The volume integral is identically zero since the integrand is always zero.
Assuming that the secondary electric field is prescribed on S, the surface integral also vanishes. Hence the effective variational integral for the secondary field is ( 12) , I
..,
The current source, JS, has been removed from the integral. As a result, it can be shown that the variation of I(ES), with a proper boundary condition satisfied, leads to the wave equation (13) One can derive the same equation directly from Maxwell's equations by initially decomposing the fields into the primary and secondary parts.
Harmonic Variational Integral
If the medium of interest is 2-D, we can reduce the varialional integral.
equation (12), to a 2-D problem in harmonic space using Fourier lransformalion. To begin. we have chosen a magnetic dipole source oriented in the direction perpendicular to the strike. Wit.h reference to Figure 1 . it is assumed that the strike is parallel to the y -axis. Using the Fourier integral and appropriate symmetry conditions, we can write
where P and Q represent field components which are symmetric and asymmetric in y, respectively. Instead of directly substituting these Fourier integrals into the variational integral. we may first approximate them by 
and .Ig (E:) is the zero harmonic variation integral in which thc electric field is polarized only in the direction parallel to the strike.
Yormulation of the Finite Element Equation
The 2-D model cross section is simulated by a rectangular mesh. The unknown electric fields are then s~quentially assigned to each node. Using a bilinear base function, the eleclric field wilhin a rectangular element is wrillen in
terms of yet to be determined electric fields at four corner nodes. Thus, each scalar component of the electric fields is given by
where lvj is a shape function (Zienkiewicz, 1977) and E} is the unknown elect.ric 
The solution to equation (22) E~ . may be replaced by the right hand side of equation (24). As a result. the solution to the finite element equations contains E1 .
Numerical Results
The two-dimensional earth is simulated by a mesh consisting of finite rec- ...
\.
, The real response, however, i~ erratic and differs from the tank model result completely. The problem lies in the computation of the magnetic field for which the numerical derivatives (differences) of the electric fields were used.
To illustrate the numerical difficulty we have computed magnetic fields analytically over a simple half space and comparison s are ma.de to those numerically obtained.
The electric fields in transformed, harmonic. space over a half space can be calculated analytically (Lee. 1978) 
= (-4.851-j25.88 1l ) is large.
Although this illustration has used the field from a uniform half space, similar numerical errors would be expected for the numerical derivatives, and their differences, of the scattered electric field from an inhomogeneity. One of the immediate consequences of the analysis is shown in Figure 3 . The problem, regrettably, is fundament.al since it is not practical comput.ationally to decrease the elemenl dimensions to increase the accuracy of the derivative at large kll values.
One way of minimizing this type of numerical error is to obtain the magnelic field from an integral over lhe currents in the half space rather lhan from 15 the derivatives at a point. Assuming t.hat the lateral inhomogeneity is finite in extent. the secondary magnetic field may be obtained by
JrI (x,ky,z) = jeBJ (x.x' ,ky,z,z' )·J.(x' .ky,z' )dx' dz' (26) s where eHJ is the dyadic Green's function for the magnetic field and the "scattering current" J. is given by (Harrington. 1961) J. = ~uE.
The scattering current is non-zero only at places where the conductivity of the inhomogeneity u a is differenl from the background conductivity ub Using the integral (26) for the magnetic field computation, two important internal checks have been made for the numerical solution. Unfortunately. the flexibility of the finite element method for representing arbitrary conductivity distributions is lost when this integral appr.oach is used.
If the integral over scattering currents in the entire half space were used, the computing costs become prohibitive because of the time consuming operation of the Green's function integrations. If only quadrature response is required, it appears that satisfactory results can be obtained for half spaces of arbitrary conductivity distribution using the numerical curl operation. especially if the calculation point is above t.he interface. If the complete response is required the conductivity inhomogeneity must be confined to some reasonably compact subvolume of the finite element mesh to keep the computation within bounds.
Even in this latter case, the conductivity inhomogeneity cannot be too close to th~' field computation point. For example, the program cannot be used for the computation of fields on the surface if the inhomogeneity is close to the surface near the computation point. ..
